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A NONLINEAR MODEL FOR DOUBLE-DIFFUSIVE CONVECTION*

WILLIAM L. SIEGMANN anDp LESTER A. RUBENFELDfY

Abstract. We consider a simple fluid-loop model describing convection in a two-constituent
fluid. The model permits explicit construction of linear stability and global stability boundaries in
parameter space. A rigorous proof of global stability within the appropriate region is provided.

1. Introduction. Double-diffusive convection denotes convective motions in
a fluid which possesses two constituents with different molecular diffusivities.
A primary example is certain motions in the ocean and some lakes where the
two properties are salt and heat, but other illustrations are known in metallurgy,
astrophysics, and geology. Of particular interest is the situation when, in the
absence of motion, constituent gradients are present which produce density
gradients of opposite signs. An excellent account of known properties of double-
diffusive convection in a Newtonian fluid is contained in a recent monograph
by Turner [1].

In this paper we shall examine double-diffusive convection in a particularly
simple fluid system. In our mathematical model, fluid is confined within a circular
loop of very small cross-section, and the loop is embedded in a motionless medium.
The model is enhanced with an enormously greater mathematical tractability,
as compared with a fluid satisfying the Navier—Stokes equations, by two further
assumptions. First, the fluid is required to move only one-dimensionally, in the
direction around the loop. Second, it is permitted to exchange “heat’ and “salt”
with the surroundings at a rate proportional to the difference between the
(instantaneous)salt and heat content of the medium and theloop. All these assump-
tions and others are described in detail in the following section.

Simple dynamical models have been used for some time to elucidate the
properties of fluid convection. Keller [2] and Welander [3] used two-parameter,
one-constituent fluid models to demonstrate the existence of periodic oscillations
that are possibly analogous to experimentally observed oscillatory motions at
moderate and high Rayleigh numbers (see next section for parameter definitions).
Stommel and Rooth [4] developed a related but simpler model to demonstrate
nonunique equilibrium states. Moore and Spiegel [5] and Baker, Moore and
Spiegel [6] investigated a two-parameter, third order, nonlinear ordinary differen-
tial equation to model convection. By both analytical and numerical techniques,
they were able to exhibit periodic solutions as well as a parameter region of highly
aperiodic motions. Howard and Malkus [7] proposed a two-parameter circular
loop model in order to obtain a closer resemblance to one-constituent convection
governed by the Navier-Stokes equations. They were able to investigate the
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NONLINEAR MODEL FOR DOUBLE-DIFFUSIVE CONVECTION 541

properties of the resulting system of first order nonlinear equations in considerable
detail over a wide range of parameter values; additional results will appear in
a thesis [8]. Our model may be regarded as a two-constituent development of the
Howard and Malkus equations, which evidently were derived and studied in
another context earlier by Lorenz [9]. See also Malkus [17].

There are several aspects of double-diffusive convection which we are
interested in clarifying by means of our model. For the Navier-Stokes equations,
Joseph [10] has found a region in parameter space where the motionless or
“conductive’ solution is stable to perturbations of arbitrary initial amplitude.
However, it is unclear whether his results are optimal. By this is meant that larger
regions of stability may exist which his methods do not uncover, or that *‘stronger”
decay ofthe perturbations may occur than he was able to demonstrate. Joseph noted
these possibilities and, in particular, expressed concern because the boundary
of his region was independent of one parameter, namely the Prandtl number.
Sani [11] has used the Stuart-Watson method to describe the evolution of pertur-
bations with infinitesimal initial amplitude for parameter conditions close to those
for instability onset. His results predict steady and oscillatory instability growth
and also sublinear instability in certain parameter regions. Nonetheless, a
singularity in his amplitude expressions in a particularly interesting neighborhood
of parameter space, where both oscillatory and steady instability can occur,
indicates that the proper disturbance evolution was not provided. Another region,
where higher order terms in the Stuart—Watson expansion evidently are required,
was not fully explored. Finally, the development of convective motions further
away from onset conditions has been very incompletely examined, because of
numerical difficulties in treating the multiparameter problem governed by the
Navier-Stokes equations. For example, recent calculations by Strauss [12],
while directed toward interesting parameter regime, are based on fairly stringent
assumptions for parameter values and for allowable spatial patterns of the
motions. Properties of the convection very far from onset conditions are known
only by extrapolations from more moderate parameter values.

In this paper we shall be concerned only with the stability of the conductive
solution. In § 2 the model is formulated and the basic-parameter governing system
of five ordinary differential equations is derived. The linear stability of the con-
ductive solution is discussed in §3, and the parameter region where steady
convective solutions exist is derived in §4. By a systematic procedure, we show
in §5 that the complement of this region is precisely the same as the region of
global stability of the conductive solution. Other results on the nature of the
stability are also given.

Another principal conclusion of this paper is that the parametric dependence
of model solutions is strikingly similar to that known for solutions to the Navier—
Stokes equations. The flow in the loop can be thought of as analogous to the flow
of a single convective cell of a Newtonian fluid. There are of course inherent flaws
in the analogy, among them that the convective length scale of the loop motion
is prescribed rather than selected. Although the parametric evidence for such an
identification is compelling, the ultimate test is the appropriateness of the predic-
tions of the model. Additional properties of the model will be explored in future
papers.
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542 WILLIAM L. SIEGMANN AND LESTER A. RUBENFELD

2. Formulation. We imagine a thin toroidal loop of central radius R, (see
Fig. 1) filled with an incompressible Boussinesq fluid, i.e., one in which effects of
density variation are retained only when coupled with gravity [13]. The state
equation for the density of the fluid has the form

2.1) p = po(l — T — Tp) + B(S — So)), a,f >0,

where S and T are diffusing constituents referred to as salt concentration and
temperature respectively; p,, T, and S, are constant reference values; and « and
B are positive constants.

FiG. 1

Following Howard and Malkus [7] we assume that the fluid loop is embedded
in a medium with which it can exchange salt and heat at a rate proportional to the
difference between the salt concentration and temperature of the medium and loop.
The essential feature of double-diffusive convection is that the proportionality
constants are different.

In addition we postulate that the fluid motion is retarded by a (viscous-type)
force proportional to its velocity and take the normal of the plane of the loop to
be perpendicular to the vertical direction of gravity (see Fig. 1). Our final assump-
tions are that the loop is so thin that salt concentration, temperature, and fluid
velocity are constant over cross-sections; that the fluid velocity has only one
component directed in the angular direction; and that the environment of the
loop has constant vertical salt and heat gradients AS/R, and AT/R,, respectively.
These assumptions lead to

2.2) T=T(t,¢), S=S8(t 0¢), u= Roult,Pe,,
(2.3) Tz = (AT)cos ¢ + Ty, Sg = (AS)cos o + Sy,

where u is the fluid velocity in the loop, e, is the unit vector in the ¢-direction,
and Tyand S pare the surrounding temperature and salt concentration, respectively.
We note that when AT and AS are both positive, the temperature and salt concen-
tration are greatest at the bottom of the loop (¢ = 0), so that the environmental
heating is destabilizing and the environmental salting is stabilizing. Thus, depend-
ing on the signs of AT and AS, there are possibilities of competing stabilization and
destabilization mechanisms.
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NONLINEAR MODEL FOR DOUBLE-DIFFUSIVE CONVECTION 543

Using all of the previous assumptions we can arrive at a system of equations
governing the fluid motion in the loop. It is possible to regard this system, given
as follows, as the first approximation from an expansion of the fluid equations in
terms of a small parameter measuring loop thickness:

Py (P — po) .
(2.4) Ro(w, + wwy) = — —g sin p — VRyw,
° ¢ Ropo Po ¢ 0
(2.5) wy =0,
DT
(2.6) D = T+ oTy = —KH{(T — Ty, K;, Kg >0,
(2.7) S, + wSy = —Kg(S — Sg).

To these we must append (2.1) and (2.3). Equation (2.4) follows from the momentum
balance using the assumption of a thin loop, with g denoting gravity and v the
dissipation coefficient. The pressure p is the deviation from the hydrostatic
pressure p, which is in balance with the gravitational force acting on the average
density p,. Equation (2.5) follows from incompressibility, and finally (2.6) and (2.7)
are the assumed forms of heat and salt balance in the loop with K and K positive
exchange (or “diffusion”) coefficients for heat and salt.

Using (2.5) in (2.4) and integrating over ¢, we can eliminate the pressure term
to get

g 2n .
2.8 = — — dp — .
2.8) T f (b — po)sin g dd — v

Let us now define dimensionless variables and expand the quantities of interest in
Fourier series as follows:
(2.9) t =1/Ky,
(2.10) o(t) = Kyc(t),
T — Ty, = (AT)[a(z) cos ¢ + b(z) sin ¢

2.11) -
+ Y (an(r)cos m$p + b,(7)sin me)],

m=0
(m#1)

S — S, = (AS)[d(t) cos ¢ + e(t)sin ¢

(2.12) + i (d,(t) cos m¢ + e,(t) sin m)].
m=0
m#1)

Using (2.1), (2.3), and (2.9)(2.12) in (2.6)2.8) we find :

(2.13) a+bc=—a+1,

2.14) b —ac= —b,

(2.15) 67 !¢ =Rb — Rge — ¢,

(2.16) d+ec=—ud+ pu,

(2.17) e —dc = —pue,
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544 WILLIAM L. SIEGMANN AND LESTER A. RUBENFELD

where we have defined
o = v/Kr,
R = ga(AT)/2RyvK 7,
Rg = gP(AS)/2RovK 1,
u= K¢ Ky, 0<pu<l.

(2.18)

The parameter ¢ is a *‘Prandtl number’’ while R and Ry are “‘Rayleigh numbers”.
The ratio of diffusivities, y, is a ““Schmidt number” and is typically within the
bounds indicated. The limiting case u = 1, when the diffusive and convective
properties of Tand S are identical, is readily reduced to the one-constituent model
of Howard and Malkus [7]. When u > 1 the system may be converted to the
u < 1 case by another nondimensionalization of ¢ and ¢, new parameter definitions
and identification of the heat fields with the salt fields. Let us also note that both
R and Rg are defined with respect to a common scaling by K. This is consistent
with Turner’s [1] definitions but in conflict with Joseph’s [10] definitions.

Equations (2.13)«2.17), along with initial conditions, comprise a closed
system for q, b, ¢, d, and e. The equations governing a,,, b,,, d,,, and e,, (see (2.11)
and (2.12)) are just simple modifications of (2.13), (2.14), (2.16) and (2.17) without
the constant (source) terms. It is trivial to show that all of these quantities decay in
7, and so we will not consider them further.

3. Linear stability of conductive solution. Equations (2.13)-(2.17) readily
admit a steady motionless solution

3.1) a=1, b=0, ¢c=0, d=1, e=0.

We call (3.1) a ““conductive” solution since the T field (a and b) and S field (d and e)
in the loop merely acquire the environmental distributions Ty and S (see (2.3)),
while the fluid in the loop is motionless (¢ = 0). Solutions of (2.13)~(2.17) which are
“convective”, i.e., which have a nonzero fluid velocity ¢, might be anticipated for
ranges of the parameters R, Rg, u, and ¢ for which the solution (3.1) becomes
unstable. This section will be concerned with the question of the stability of the
conductive solution to infinitesimal disturbances.

Equations (2.13)+2.17) can be written in terms of the deviation from the
conductive solution (3.1) by defining a vector

(3.2) x| = (xy,X;,X3,X4,%5) =(@a—1,d — 1,b,c,e),

where " denotes transpose. Then (2.13)+2.17) become

(1) xll = _xl — X3Xg4,
(i) x3 = —ux, — xsxg,
(3.3) (i) x5 = —x; 4+ x4 + X,Xg,

(iv) x, = oRx3 — ox4 — oRgxs,

(V) X5 = —uxs + x4 + XpXq4.
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NONLINEAR MODEL FOR DOUBLE-DIFFUSIVE CONVECTION 545

In vector form these equations are

X' = AX + x4Nx,

——1 0 0 0 0 | _0 0 -1 0 0T
0 —u 0 0 0 00 0 0 -1
(34 A= 0 0 —1 1 0 |, N=|10 00
0 0 oR —0 —0Rg 00 0 0 0
i 0 0 0 1 —p | 101 00 |

The conductive solution (x = 0) is linearly stable if and only if the eigenvalues
of the matrix A4 all have negative real parts. These eigenvalues 4 satisfy the equation

(3.5) A+ DA+ A+ A +94+T) =0,
where

A=c+pu+1>0,
(3.6) y=0+ pu+ ou+ d(Rg — R),

I' =01 + o(Rg —uR).

Since the roots of the two linear factors are A = — 1, — u, we need only check
the conditions for which the cubic factor has roots with negative real parts. By
the Hurwitz criteria [14] these roots have negative real parts for I’ > 0 and
yA > T (note that the third Hurwitz condition is implied by these). These two
conditions yield a stability boundary in the (R, Rg)-plane as depicted in Fig. 2.

These curves are plotted for fixed values of the parameters u and o. The lines
I' = 0 and yA = T are shown respectively as

LW: Rg=puR — p,

(3'7) L®- RS — (O’ + I)R _ (0' + 1)(# + 1)
o+ u g

’

and the conductive solution is stable for points (R, Rg) in the region to the left of,
and bounded by, the solid parts of both L™> and L®. We note that L") and L®
intersect at the point

o+ u p*(1 +o0)
ol —p) ol — )|’

(3.8) P@: (RO, RY) = (

Onthelines L'V and L® and at the point P'” the solutions of (3.5) are given by
on LW: i = —1,—u,0,4=A+ JA? — 4y),

(3.9 onL@: ji=—1,—u, —A, +i/T/A,
at PO: 7= —1,—4,0,0, —A.
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546 WILLIAM L. SIEGMANN AND LESTER A. RUBENFELD

Rs (2)

A

R= [(;LRS)I/Z"' (l—#Z;/Z]Z

/ (0,~ )

lil)

3

- (1) | I
RS'FR'Fr P ‘<|-F_2 ! 1-p2 )7

g+l ,/‘(o‘+!)2(l+/*))
7

@) o _(O+I \p_(lo+)(I+H#) (2) ¢(
L Rs'( )R( )1 P ( 0*2(1—,4) o‘z(|—p)

= o

P(0) (a+p- , #2(0'+|))
oli-m) " o U-p) /s

Fi1G. 2

Thus on L™ there is one zero eigenvalue and four roots with negative real parts,
and one of these roots coalesces with the zero root at P‘©. On L® there are three
negative and two imaginary roots, and the imaginary roots coalesce to two zero
roots at P9, Thus as one crosses L' from the stability region to the instability
region, a solution of the linear system which was exponentially decaying becomes
time independent on L) and then begins to grow exponentially just below L.
If one passes across the line L®, two solutions of the linear problem which are
oscillatory and exponentially decreasing become purely oscillatory on L‘® and
proceed to oscillate with exponentially growing amplitude just below L?. In
crossing from the region of stability to that of instability through the point P,
two decaying solutions of the linear problem combine at P’ so as to grow linearly
in time, and then they begin to grow exponentially after passing through P‘©). The
dynamical aspects of the nonlinear problem in the neighborhood of this point are
quite interesting and are discussed in [15].

The linear stability boundaries have interesting physical interpretations.
From (2.18) we note that the signs of R and Ry are the same as those of ATand AS,
defined in (2.3). Also, AT and AS both positive means that the environmental
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NONLINEAR MODEL FOR DOUBLE-DIFFUSIVE CONVECTION 547

temperature and salt concentration are increasing downward, producing a
destabilizing temperature gradient and a stabilizing salt gradient. For ATand AS
both negative the opposite effects are true. Thus in the second quadrant of Fig. 2
(R < 0 and Rg > 0) both constituents tend to produce stability, which is verified
by the fact that this whole quadrant lies in the linear stability region. In the first
quadrant of Fig. 2 (R > 0 and Rg > 0), we have the competition of unstable heating
and stable salting. It is reasonable to expect that for large enough R (“‘very’’ stable
salting), the fluid would experience a net stabilizing effect. This again is verified
by the linear stability boundary in this quadrant. A similar argument can be made
for the behavior in the third quadrant. A discussion of the physical mechanisms
working to produce instability in a Newtonian fluid for the case of competing
environmental gradients has been given by Turner [1]. His descriptions apply as
well to our model.

In quadrant four of Fig. 2, where R > 0 and Rg < 0 and both constituents
tend to produce instability, there is an additional feature. A region of linear
stability exists, namely the small triangle in this quadrant. This region corresponds
to “‘relatively small’’ values of R and Rg which from (2.18) means a ‘“‘relatively
large” value of the dissipation v. Thus even though instability is produced by both
heating and salting, these effects are dominated by the inherent damping in the
system. This triangular region appears again in § 5, and is relevant when discussing
regions of strong nonlinear stability of the basic conductive solution.

We may also ask how these linear dynamic stability results compare with a
static stability analysis. For equilibrium between the fluid and its environment,
T= Tgand S = Sg. From (2.1), using (2.3) and (2.18) we find the equilibrium den-
sity given by

2R\vK ¢

Pstatic = Po[l + (RS - R) COos ¢:| .

Static stability is interpreted as pg,,,;. decreasing upwards (light fluid over heavy)
with static instability meaning p,,,,;. increasing upwards (heavy fluid over light).
From Fig. 1 and the above result we have static stability for Rg¢ > R and static
instability for Rg < R.If the curve Rg = R were drawn in Fig. 2, it would intersect
the linear stability lines L' and L® in the third and first quadrants respectively
of the (R, Ry) plane since u < 1. Therefore, in these quadrants there are regions
of static stability but dynamic instability, as well as static instability with dynamic
stability. The steady convective motions which may arise above the line R = Rgin
the third quadrant are directly analogous to the ‘‘salt fingers” of a Newtonian
fluid [1].

4. Steady solutions. In the sector of linear instability of the conductive solution
of (3.3) (below the solid parts of both L and L® in Fig. 2), perturbations must
tend to some convective state of the system. The simplest possibilities are time
independent solutions of (3.3) (or equivalently (2.13)+2.17)), although whether
these states are ever attained depends on their stability. These steady state solutions
are easily shown to be of the form

— _ 1/2 1/2
(41) xs!eady = P s 2 P s ip > -_I_ 1/2, %‘_ s
l+puw+pl+p v +p
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548 WILLIAM L. SIEGMANN AND LESTER A. RUBENFELD

where p is a nonnegative root of
4.2) p'?[p* + (u* + 1 + pRs — R)p + (1> — 1*R + pRy)] = 0.

Aside from the root p = 0, which leads to the conductive state x = 0, there are
other possibilities if the quadratic factor in (4.2) possesses real positive roots. The
roots of this term are given by

4.3) 2p = —B + (B* — 40)"2,
where
44 B=y?+4+1+4 uRg — R,
C = u*> — 1R + uRg.
The condition that there be real positive roots of the quadratic factor in (4.2) is just
—B 4+ (B* - 40)'* > 0.
An analysis of this condition reveals that there are:
no positive roots if
B2 —4C <0,
or C>0, B>0 and B? —4C > 0,

4.5)
or C=0 and B3>0,
or B>—4C=0 and B3>0,
one positive root if
C <O,
(4.6) or C=0 and B <O,
or B> —4C=0 and B<0O,
two positive roots if
4.7 C>0, B<0 and B?>-4C > 0.

The curve B> — 4C = 0 is a skewed parabola in the (R, Rg)-plane which is
tangent to the R- and Rg-axes and also tangent to the stability boundaries L'V
and L at the points (see Fig. 2) PV’ and P'® given by

(4.8) PY: (RD,RY) = 1 iy
. . s Rg ') = 1_#2,1_“2,
(1 + w0 + w? ulo + D1 + p)
(1 —p) ~ o*(1 —p)
In fact we can factor B> — 4C into
4.10) B> —4C =[R = [(uRe)"'* + (I — p*)'*I*][R — [(uRy)"?
—(1 = u?)'?17].

(4.9) P®: (R® RY) = (
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The two branches of the parabola are shown in Fig. 2 with the right branch, given
by

4.11) R = [(uRg)'? + (1 — p2)'2]2,

consisting of the solid curve (ending at P"’) and part of the dotted curve down to
the R-axis. The left branch
4.12) R = [(uRg)"? — (1 — u?)'?]?,
consists of the remaining portion of the dotted curve.

The curve C = 0is just the line LY in Fig. 2. The curve B = 0 is another line
(not shown) which intersects the Rg-axis below the point of intersection of LV
(since u < 1) and which intersects'L'! and the parabola at PV,

It is now easy to show that the series of inequalities (4.51+4.7) yield the
following situations in the (R, Rg) plane:

No convective steady states:

To the left of the solid part of the parabola and above
L™ and also that part of L") lying to the left of the point P!,

One pair of convective steady states:

Below the line L"), on that part of L") lying to the right
of the point P*), and on the solid part of the parabola.

Two pairs of convective steady states:

In the region between the solid portion of the parabola
and the line L,

We note that there are additional steady states inside the region of linear
stability. This is commonly referred to as the region of subcritical instability. The
region of linear instability where there are additional steady states is the region of
supercritical instability. We would expect that in the region of linear stability
where there are no nontrivial steady states available, all solutions would decay to
zero. This behavior is verified in the next section, thus demonstrating the absence
of any other stable solutions, such as periodic motions.

For future reference let us note that the solid portion of the parabola can be
represented by

3

(4.13) R =[(uRs)'* + (1 = p)'?P?,  Rgz ﬁ 2

5. Finite-amplitude stability of conductive solution. We next investigate the
stability of the conductive solution (3.1) to disturbances of arbitrary amplitude.
The largest possible region of stability is above both L") and the solid part of the
parabola in Fig. 2, where no steady convective solutions (4.1) exist. It is of course
conceivable that other time-dependent solutions might occur there. We proceed
to eliminate this possibility and thereby obtain comparable stability results as for
a Newtonian fluid [10].

From (3.3) we easily derive the following four quadratic “‘energy’’ relations:

1
(5.1) i;(xi)/ = —x; + x4(Rx3 — Rgxy),
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(52) S0+ X3 =~ X+ o,
L, 2y 2 2
(5.3) —i(xz + x3) = —u(x; + X3) + x4Xs,
(5.4) (x1Xy + x3%5) = —(1 + @) (x1 X, + x3%5) + X4(X3 + X5).

Equation (5.1) is derived by multiplying (3.3) (iv) by x,, and (5.2) by multiplying
(3.3) (i) by x4, (3.3) (iii) by x5 and adding. Equations (5.3) and (5.4) are derived in a
similar manner.

If we now add to (5.1) arbitrary multiples of (5.2)(5.4) and systematically
complete the squares on both sides of the resultant equation we arrive at

1 dy

5.5 - _p
) 2 dt ’
where
2 2 2
(5.6) Y= a(xl + thaz + “(E - y—z)xg + cx(x3 + zxs)
a o o o
B\, 1,
(x((x 2 xS + a_x4’

Y1+ )

o
(5.7) P=a(x1+——?—2

2 _(R+a+y) 1+ \?
) * ( 2u ot 20 x5)
(1

I A [ R
+Pu+mm+a+w
20

( R+oz+
+ {1 -

-+ B- Rs))x4x5.

We do not finish the completion of squares in P for reasons which will be clarified
below. The quantities «, § and 7y in (5.6) and (5.7) are the multiples of (5.2)5.4)
referred to above.

We would now like to determine whether there exist «, § and y such that the
quadratic forms  and P in (5.6) and (5.7) are respectively positive definite and
positive semidefinite. Clearly, the existence of such «, f and y will depend on the
parameters R, Rg, u and ¢. In fact, we would like to find the maximum value of R,
for fixed Ry, for which we are assured of finding an «, § and y which yield the
required properties for y and P.

From (5.6) and (5.7) it is clearly sufficient for  to be positive definite and P
positive semidefinite, that the following system of inequalities on «,  and y hold:

. Apap
(5.8) =Ty
(1 + w)(R + a + )
(5.9) 7+ B— Rs= % ,
2
(5.10) a>@i%iﬂ<
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It is possible to specify other conditions on «, f and y to ensure that the desired
conditions on P and ¥ are satisfied ; such conditions could be found by finishing
the completion of the squares in (5.7) for example. However, it was found that the
expected stability results could be obtained without considering these additional
conditions.

We can now prove the following theorem.

THEOREM. For a given u, 0 and R and Rg in the linear stability region, suppose
that there exist values of a, B and y which make \ in (5.6) positive definite and P in
(5.7) positive semidefinite. Then the initial value problem for (3.4) possesses a unique
solution, bounded in 0 < 1 < oo and tending to zero as t — oo (the zero solution of
(3.4) is globally asymptotically stable for these values of R, Rg, i, and o).

Proof. Since y is assumed positive definite and ‘P positive semidefinite, from
(5.5) all solutions x, where they exist must be bounded. Therefore, the right side of
(3.4) is continuous, has bounded continuous partial derivatives, and is thus
Lipschitzian. Therefore, by Theorem 2.1, the discussion on page 18, and Theorem
3.1 of [16, Chap.1], the initial value problem for (3.4) possesses a unique, bounded
solution for 0 < 7 < 0.

Now, by Theorem 1.3 of [16, Chap. 10], all solutions of (3.4) tend to the hyper-
surface defined by P = 0. With our choice of conditions (5.8)+(5.10), this hyper-
surface is given by the relations

X4=O,

R+a+7y)  yl+p
YT T Yt T,

x5 =0,

It is now an easy matter to show that, on this hypersurface, all solutions of (3.4)
decay to the origin as T —» o. Q.E.D.

We will now show that for fixed 1 and for R and Ry taking values inside of the
region of linear stability where there are no additional steady states we can find a set
a, f and y satisfying inequalities (5.8)+5.10). Note ¢ does not appear in (5.8)~5.10).

We first observe from (5.8)5.10) that « and § must be positive, so we can
define

(5.11) a=y4, B=z=

We now solve (5.8) for y in terms of y and z as

_2/11/2yz
(I +p)

We have arbitrarily chosen the negative sign since we only want to find some
solution to (5.8)+5.10).
We now replace the inequality (5.10) by an equality using (5.11), (5.12) and
defining a new variable w by
R+ y? = 2u'y2)/(1 + p)

5.1 - .
(5.13) w 2

(5.12) y =
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Then (5.10) requires that
(5.14) w? < 1.

Next, we use the remaining equation (5.9), together with (5.11)~(5.13) to solve
for R and y in terms of z and w to get

1+ R
(5.15) y=(2ﬂ—1/f)(z—7s+2,u”2w),
1 2
R(z;w) = (1 — u®w? + (—:;—uli—)Rs + w21 = pwz
(5.16) =, WP R (L WRS
4u z duzr
(5.17) 0<w<l1,
(5.18) 0<z.

Note that we arbitrarily restrict w and z to be positive. Again, we are only looking
for one solution.

We now ask, for a given Rg, what is the maximum value which R can take so
that (5.16) is satisfied for some z, with w fixed. We then vary w between 0 and 1 to
get a sequence of maximum values for R and choose the supremum of these. Then,
for any value of R less than this we will have found a z satisfying (5.16), a w satis-
fying (5.17) and can then define y by (5.15). This in turn will give a, ff and y from
(5.11) and (5.12).

From (5.16) we find that

g R_ (0 -w7 [22 B CRT ][22 2wz (Lt “)Rs],

0z 2u T 1—w  (1-p

2 R 1/2 2p2
(5.20) 2_121 __a . ) + 2u (1 43- WRgw  3(1 + ﬂ: Rs

z I z 2uz
Note that we were able to factor the quartic dR/0z.

We now set dR/dz = 0 to find the maximum values of R for each w < 1 and
fixed Rg. We consider below the cases when one or both of the factors of (5.19)
vanish.

Case A. Rg > 1*/(1 — 1®). In this case, the second factor in (5.19) has no real
zeros forw < 1 and the only positive root of 0R/0z = O is

(1 + WRy "
521 Y e
G21) : [ 0= }

Using (5.16) and (5.20), we can show that
R(z,;w) = (1 — ud)w + (uRg)"/?)?,

(5.22) 9%’R 3 2uM(1 — #)3/2[ W (1 - MZ)I/Z:I

52‘(21;“’ = Qa +M)1/2

1/2 32
Rs/ ,u/
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Clearly, for 0 <w < 1, (0°R/0z?)(z,;w) < 0 in this range of Rg. Thus z = z,
yields a maximum of R, and the plot of R vs. z for fixed w is given in Fig. 3. We note
that the supremum of R taken over z > O and 0 < w < 1, is given by

3

(523) Rsup — ((ﬂRs)l/z + (1 _ M2)1/2)2’ RS g 1 — 'uz.

This is just the solid part of the parabola in Fig. 2 which separates the regions
where there are convective steady states from where there are none (see, €. g., (4.13)).

?R
3
R H

[ 212
R=[(-2) 2w+ (uRy)"?]

9

F1G. 3

On the basis of Fig. 3, we can now give the following prescription for finding a
y, zand w (and thus «, f, y) so that (5.15)+(5.18) are satisfied :

(i) For R = R, < 0, choose for w any 0 < w < 1 and for z either of the two
intersection points of the curve in Fig. 3 with R = R,,.

(i) For R = R, with 0 < R, < ((uRs)*'* + (1 — u?)*'?)2, choose any w > 0
and

RY? — (uRy)'"
(= )"
and either of the two intersection points for z.
Case B.0 < Rg < 1*/(1 — p?). If we choose a w such that 0 <w < (1 — p?)"/?/

1**)RY? | then the second factor in (5.19) will again have no roots and the result
will be asin Case A. That is, the largest R, for given R, will be

<w<l1

3

Ry = (MR + (1 = )27, 0 < Ry < —F—.
— U

This is the dotted portion of the right branch of the parabola in Fig. 2. In this range

of R, this curve does not separate the region of steady states from that without

steady states. Therefore, we must look for values of w in the range

(1 _ HZ)I/ZRé/Z

<w<l1.
3/2
PRl
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The second factor of (5.19) will now have two roots:
32 1 — 2 1/2
(5.24) 2, =1 I:w + (w2 - (—-/;)&) ]
= (1 =p) I

We note that, in the range of w and R considered here, both of z, are positive. In
addition, the first factor of (5.19) still has the positive root z, given by (5.21). The
situation is now shown in Fig. 4. In this case we have that

3

1 —u®

1
(5.25) Ry, =1+ ;Rs, 0<Rg <

FiG. 4

which is just the desired curve L'V, Again we have the following prescription for
finding values of y, z and w satisfying (5.15)~5.18):

(i) For R = R, £ 0, choose any w satisfying (1 — u?)'"?R?/u*? <w < 1,
and choose for z either of the two intersection points from Fig. 4.

(i) ForR = Rywith0 < R, < 1 + Rg/u, choose any w satisfying 0 <w < 1

and s
w? > max {R - le,ﬂ;ﬁg&},
u u

and for z, choose any of the possible intersection points from Fig. 4.

Case C. Rg < 0. In this case only the second factor of (5.19) has real roots, and
the only positive root of (5.19) is at z = z, (see, e.g., (5.24)). The graph of R vs. z
is shown in Fig. 5 (the case Rg = 0 is different than the case Ry < 0 as indicated
by (5.16)). As before we now have

1
(5.26) Rup =1+ Rs. Rg<0,
and this is again the desired curve L'". The quantities z and w are chosen as in

Case B.
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To complete the discussion let us try to seek the regions in the (R, Rg)-plane
where the solution to (3.3) exhibits “‘strong stability”’ (see [10]). That is, for what
values of R and Rg can we find a positive definite energy functional which decays
exponentially from its initial values?

From (5.1)+5.3), for R, Rg > 0, the positive definite functional ¢ defined by.

FI1G. 5

(527) 6 = RO + x2) + %xi + R + x2),
satisfies

—R(x? + x%) — x2 — uRg(x% + x%) + 2Rx;3x,
—(1 = RV)[R(x} + x3) + x3] — uRg(x3 + x3)

—R*2x} — RV (R2x; — x,)?.

N
S
Il

(5.28)

For 0 < R < 1, it is easily shown from (5.28) that
—u(l = R')$, o3 1,
—(1 = R'"ou¢, o < 1.

With slight modifications in the functional ¢ we can show that a similar result
to (5.29) holds for R < 0 and Rg > —p. Thus we have exhibited strong stability
_in the regions

(5.29) 10 < {

0<R<1, Rg>0
and
R<0, Rs>_ll.

These regions include the second quadrant in the (R, Rg)-plane, where, since both
salt and temperature are stabilizing, we expect there to be strong stability. It also
includes that region in the first quadrant lying directly above the triangular region
in Fig. 2. These values of R (i.e., 0 < R < 1) correspond to large dissipation (see
discussion in § 3). Thus this region of strong stability in the first quadrant, where
temperature produces instability while salt produces stability, is physically

This content downloaded from 168.172.0.254 on Thu, 13 Dec 2018 20:04:02 UTC
All use subject to https://about.jstor.org/terms



556 WILLIAM L. SISEGMANN AND LESTER A. RUBENFELD

accounted for by the large dissipation (0 < R < 1) dominating the tendency of the
temperature field to produce instability. A similar argument applies in the third
quadrant where Rg > — u, which lies to the left of the triangular region.

6. Summary and future work. We have considered a simplified model of a
two-constituent fluid which exhibits most phenomena currently known to be
present in the more realistic model of a Newtonian fluid [1], [10]. Our model
permits explicit determination not only of linear stability curves but also of the
boundary in parameter space which delineates the region of existence of nontrivial
steady solutions. We have rigorously shown that the expected region of global
stability for the conductive (trivial) solution is precisely given by the analogue of
the energy methods of Joseph [10]. Specifically, we have shown that the subregion
of linear stability, in which there are no nontrivial steady solutions, is a region of
global stability where all solutions decay.

Several important questions remain. We are presently providing, through
asymptotic methods, a formal resolution of how, in parameter regions near the
linear stability boundaries, solutions to the initial value problem (2.13)~2.17) with
finite but small initial conditions progress in time. We have also explored the
phenomenon of dynamic bifurcation near the point P©) of Fig. 2, where two linear
eigenvalues coalesce, and have derived time evolution equations. These asymptotic
results will appear in another paper [15].

We are also studying the stability of the steady convective states in § 4 and
integrating (2.13)+(2.17) numerically in order to understand further transitions to
periodic and nonperiodic unsteady motions. In addition, we are determining the
asymptotic nature of the solutions of these equations for large Rayleigh numbers
R and Rg and small values of the Schmidt number . Finally we hope to apply the
techniques developed for this model to other more complicated and realistic ones.

Acknowledgment. The authors would like to thank Professors Clement
McCalla and Harry McLaughlin, of the Mathematical Sciences faculty at
Rensselaer Polytechnic, and Professor Louis Howard of M.I.T., for several helpful
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